ABSTRACT. K3-surfaces with antisymplectic involution and compatible symplectic actions of finite groups are considered. In this situation actions of large finite groups of symplectic transformations are shown to arise via double covers of Del Pezzo surfaces. A complete classification of K3-surfaces with maximal symplectic symmetry is obtained.
INTRODUCTION
An antisymplectic involution σ on a complex K3-surface X is a holomorphic involution acting nontrivially on the space H 0 (X , Ω 2 ) = · ω of holomorphic 2-forms on X , i.e., σ * ω = −ω. Here we study K3-surfaces with antisymplectic involution from the point of view of symmetry and consider actions of finite groups G of symplectic transformations which are compatible with σ in the sense that every g ∈ G is a holomorphic automorphism of X with g * ω = ω and gσ = σg.
Main results. Given a finite group G we investigate if it can act in a compatible fashion on a K3-surface X with antisymplectic involution σ. If this is the case, then already the order of G yields strong constraints on the geometry of X and we obtain the following description. By a theorem due to Mukai [Muk88] finite groups of symplectic transformations on K3-surfaces are characterized by the existence of a certain embedding into a particular Mathieu group and are subgroups of the following eleven finite groups of maximal symplectic symmetry (cf. also [Kon98] In addition to Examples 1a, 3a, 9, 10, and 11a, which have already been described by Mukai (Example 0.4 in [Muk88] ) the table contains additional examples (1b, 2, 3b, and 11b) of K3-surfaces with maximal symplectic symmetry. These arise as equivariant double covers of Del Pezzo surfaces.
We consider a K3-surface X with an action of a finite group G × C 2 < Aut(X ) and assume that G < Aut symp (X ) whereas C 2 is generated by an antisymplectic involution σ centralizing G. Furthermore, we assume that Fix X (σ) = . Let π : X → X /σ = Y denote the quotient map, R = Fix X (σ) and B = π(R) the ramification and branch set of π. The quotient surface Y is a smooth rational G-surface to which we apply an equivariant minimal model program. By Proposition 1.2 a G-minimal model Y min of Y is either a Del Pezzo surface or an equivariant conic bundle over 1 . In the later case, the following lemma shows that the possibilities for G are limited by the classification of finite groups with an effective action on 1 , i.e., cyclic and dihedral groups, C n and D 2n , and the exceptional tetrahedral, octahedral, and icosahedral group, T 12 , O 24 , I 60 .
Remark 2.1. Several times we will use the fact that the order of a symplectic transformation on a K3-surfaces is at most eight. This follows implicitly from Table 1 , but is originally due to an argument of Nikulin classifying finite Abelian groups of symplectic transformation on K3-surfaces in [Nik80, §5] . Note that Nikulin' approach also shows that a symplectic automorphism of order 2,3,4,5,6,7,8 has 8,6,4,4,2,3,2 fixed points, respectively.
Lemma 2.2. If a G-minimal model Y min of Y is an equivariant conic bundle, then |G| ≤ 96.
Proof. Let ϕ : Y min → 1 be an equivariant conic bundle structure on Y min . We consider the induced action of G on the base 1 . If this action is effective, then G is among the groups specified above. Since the maximal order of an element in G is eight, it follows that the order of G is bounded by 60.
If the action of G on the base 1 is not effective, every element n of the ineffectivity N < G has two fixed points in the general fiber, which is isomorphic to 1 . This gives rise to a positive-dimensional n-fixed point set in Y min and Y . A symplectic automorphism however has only isolated fixed points. It follows that the action of n coincides with the action of σ on π −1 (Fix Y (N )) ⊂ X and the order of n is two. Since N acts effectively on the general fiber, it follows that N is isomorphic to either C 2 or C 2 × C 2 .
If G/N is isomorphic to the icosahedral group I 60 = A 5 , then G fits into the exact sequence 1 → N → G → A 5 → 1 for N = C 2 or C 2 × C 2 . Let ξ be an element of order five in G. Since neither C 2 nor C 2 × C 2 has automorphisms of order five it follows that ξ centralizes the normal subgroup N . In particular, there is a subgroup C 2 × C 5 ∼ = C 10 in G which contradicts the assumption that G is a group of symplectic transformations and therefore its elements have order at most eight.
If G/N is cyclic or dihedral, we again use the fact that the order of elements in G is bounded by 8 to conclude |G/N | ≤ 16. It follows that the maximal possible order of G/N is |O 24 | = 24. Using |N | ≤ 4 we obtain |G| ≤ 96.
For |G| > 96 the lemma above allows us to restrict our classification to the case where any G-minimal model Y min of Y is a Del Pezzo surface.
Branch curves and Mori fibers.
We use the term curve for irreducible 1-dimensional analytic subsets of surfaces. A linearization argument shows that Fix X (σ) is a disjoint union of smooth curves. More precisely, by a basic result originally due to Nikulin ( [Nik83] ), the set Fix X (σ) is either a union of two linearly equivalent elliptic curves or the union of one single curve of arbitrary genus with a (possibly empty) union of rational curves. In the following we let n denote the total number of rational curves in Fix X (σ). We choose a triangulation of Fix X (σ) and extend it to a triangulation of the surface X . The topological Euler characteristic of the double cover is given by
This yields m ≤ n + 12 − e(Y min ). Combining this with e(Y min ) ≥ 3 shows that the total number m of Mori fibers in Y is bounded by
Remark 2.3. In the following, we repeatedly use the fact that for a finite proper surjective holomorphic map of complex manifolds (spaces) π : X → Y of degree d, the intersection number of pullback divisors fulfills (π
In particular, if π : X → Y is a degree two map of surfaces, the image π(C) ⊂ Y of a curve C ⊂ X contained in the ramification locus R of π has self-intersection (π(C)) 2 = 2C 2 . Proof. Let E ∈ , E 2 = k be a Mori fiber such that E ⊂ B and |E ∩ B| ≥ 2 or E · B ≥ 3. By the remark above, the divisor π −1 (E) = π * E has self-intersection 2k. Assume that π −1 (E) is reducible and letẼ 1 ,Ẽ 2 denote its irreducible components. These are rational and therefore, by adjunction on the K3-surface X , have self-intersection number −2. We write
. SinceẼ 1 andẼ 2 intersect at points in the preimage of E ∩ B, we obtainẼ 1 ·Ẽ 2 ≥ 2, a contradiction. It follows that π −1 (E) is irreducible. Consequently, k = −1 and π −1 (E) is a smooth rational curve with precisely two σ-fixed points showing |E ∩ B| = 2. It remains to show that the intersection is transversal.
To see this, let NẼ denote the normal bundle ofẼ in X . We consider the induced action of σ on NẼ by a bundle automorphisms. We may equivariantly identify a tubular neighbourhood ofẼ in X with NẼ via a C ∞ -diffeomorphism. The σ-fixed point curves intersectingẼ map to curves of σ-fixed points in NẼ intersecting the zero-section and vice versa. Let D be a curve of σ-fixed points in NẼ. If D is not a fiber of NẼ, it follows that σ stabilizes all fibers intersecting D and the induced action of σ on the base must be trivial, a contradiction. It follows that the σ-fixed point curves correspond to fibers of NẼ, and E and B meet transversally.
By negation of the implication above, if E and B are tangent at p, then |E ∩ B| = 1 and E · B = 2.
Remark 2.5. Adjunction on X and elementary considerations involving intersection numbers resembling those in the proof of the lemma above yield the following summary of the possible intersection geometry of a Mori fiber E ∈ with the branch locus B in relation to the self-intersection number of E.
More generally, the arguments involved apply to any (-1)-curve E on Y and therefore E meets B in either one or two points and π −1 (E) is reducible or irreducible, respectively.
Rational branch curves.
In this subsection we find conditions on G, in particular conditions on the order of G, guaranteeing the absence of rational curves in Fix X (σ).
It follows from adjunction that a curve with negative self-intersection on a Del Pezzo surface necessarily has self-intersection -1. So if Y min is a Del Pezzo surface, all rational branch curves of π, which have self-intersection -4 by Remark 2.3, need to be modified by the Mori reduction when passing to Y min and therefore have nonempty intersection with the union of Mori fibers. We benefit from the following elementary observation regarding the behaviour of self-intersection numbers under monoidal transformations.
Remark 2.6. LetX and X be smooth projective surfaces and let b :X → X be the blow-down of a (-1)-curve E ⊂X . For a curve B ⊂X , B = E, the self-intersection of its image in X is given by (b(B))
We denote by the set of rational branch curves of π. The total number | | of these curves is denoted by n. The union of all Mori fibers not contained in the branch locus B is denoted by E i . Let ≥k = {C ∈ | |C ∩ E i | ≥ k} be the set of those rational branch curves C which meet E i in at least k distinct points and set r k = | ≥k |. We denote by ≥k the set of Mori fibers E ⊂ B which intersect some C ∈ ≥k and define
and the projection map pr k : P k → ≥k mapping (p, E) to E. This map is surjective by definition of ≥k and its fibers consist of ≤ 2 points by Lemma 2.4. Using |P k | ≥ kr k we see
Let N be the largest positive integer such that ≥N = , i.e., each rational ramification curve is intersected at least N times by Mori fibers. A curve C ∈ which is intersected precisely N times by Mori fibers is referred to as a minimizing curve. In the following, let C be a minimizing curve and let H = Stab G (C) < G be the stabilizer of C in G. The index of H in G is bounded by n = r N .
The rational curves in Fix X (σ) generate a sublattice of Pic(X ) of signature (0, n) and it therefore follows immediately that n ≤ 19. A sharper bound n ≤ 16 for the number of disjoint (-2)-curves on a K3-surface has been obtained by Nikulin [Nik76] . In our setup an even sharper bound is due to Zhang [Zha98, Theorem 3], stating that the total number of connected curves in the fixed point set of an antisymplectic involution on a K3-surface is bounded by 10. In the following, we use Zhang's bound for the number n of rational curves in Fix X (σ),
Note, however, that all results can likewise be obtained by using the weakest bound n ≤ 19. For N ≥ 4 Zhang's bound can be sharpened using the notion of Mori fibers and minimizing curves. Using inequalities (1) and (2) we find
In the following we consider the stabilizer H of a minimizing curve C and using the above inequalities for n, we obtain bounds for the order |G| of G guaranteeing the absence of rational curves in Fix X (σ). Proof. Let |G| > 108 and assume on the contrary that Fix X (σ) contains rational curves. We consider a minimizing curve C ⊂ B and its stabilizer Stab G (C) =: H. Since a symplectic automorphism on X does not admit a one-dimensional set of fixed points, it follows that the action of H on C is effective and H is one the classical finite groups C n , D 2n , T 12 , O 24 , I 60 . We recall the possible lengths of H-orbits in C: the length of an orbit of a dihedral group is at least two, the length of a T 12 -orbit in 1 is at least four, the length of an O 24 -orbit in 1 is at least six, and the length of an I 60 -orbit in 1 is at least twelve.
Let Y min be a G-minimal model of X /σ = Y . Recall that by Lemma 2.2 the surface Y min is a Del Pezzo surface. Each rational branch curve is a (-4)-curve in Y . Since its image in Y min has self-intersection ≥ −1, it must intersect Mori fibers.
• If N = 1, i.e., the rational curve C meets the union of Mori fibers in exactly one point p, then p is a fixed point of the H-action on C. In particular, H is a cyclic group C k and k ≤ 8 by Remark 2.1. Since the index of H in G is bounded by n ≤ 10, it follows that |G| ≤ 80. • If N = 4, it follows from inequality (4) that n ≤ 9. Now |H| ≤ 12 implies |G| ≤ 108.
• If N = 5, the largest possible group acting on C such that there is an invariant subset of cardinality 5 is the dihedral group D 10 . Inequality (4) implies n ≤ 6, we conclude |G| ≤ 60.
• If N = 6, then n ≤ 4 and |H| ≤ 24 implies |G| ≤ 96.
• If N ≥ 12, then n = 1 and H = G. The maximal order 60 is attained by the icosahedral group.
• If 6 < N < 12, we combine n ≤ 4 and |H| ≤ 24 to obtain |G| ≤ 96.
The case by case discussion shows that the existence of a rational curve in B implies |G| ≤ 108 and contradicts our assumption. The proposition follows.
Remark 2.8. If the group G under consideration is known not to contain certain subgroups (such as large dihedral groups or T 12 , O 24 or I 60 ), then the condition |G| > 108 in the proposition above can be improved and non-existence of rational ramification curves follows even for smaller groups G (cf. Lemmata 3.26, 3.28, and 3.32).
2.3. Elliptic branch curves. The aim of this section is to determine conditions on the order of G which allow us to exclude elliptic curves in Fix X (σ). We prove: Proposition 2.9. Let X be a K3-surface with an action of a finite group G × 〈σ〉 such that G < Aut symp (X ) and σ is an antisymplectic involution with fixed points. If |G| > 108, then Fix X (σ) contains neither rational nor elliptic ramification curves.
Proof. By the preceding proposition Fix X (σ) does not contain rational curves. It follows from Nikulin's description of Fix X (σ) in [Nik83] that it is either a single curve of genus g ≥ 1 or the disjoint union of two elliptic curves.
Let T ⊂ B be an elliptic branch curve and let H := Stab G (T ). If H = G, then H has index two in G. The action of H on T is effective. After conjugation the subgroup H < Aut(T ) inherits the semidirect product
We refer to this decomposition as the normal form of H. By Lemma 2.2 any G-minimal model of Y is a Del Pezzo surface and therefore, by adjunction, does not admit elliptic curves with self-intersection zero. It follows that T meets the union E i of Mori fibers. Let E be a Mori fiber meeting T . By Lemma 2.4 their intersections fulfills |T ∩ E| ∈ {1, 2}. Since the total number of Mori fibers is bounded by 9 (cf. inequality (1)), the index of the stabilizer Stab H (E) of E in H is bounded by 9. If T ∩ E = {p}, then Stab H (E) is a cyclic group of order less than or equal to six and it follows that |G| ≤ 6 · 9 · 2 = 108. If π −1 (E) is reducible its two irreducible components meet transversally in one point corresponding to {p} = E ∩ B. The curve E is tangent to B at p and we consider the linearization of the action of Stab G (E) at p. If the action of Stab G (E) on E is not effective, the linearization of the ineffectivity I < Stab G (E) yields a trivial action of I on the tangent line of B at p. It follows that the action of I is trivial in a neighbourhood of
. This is contrary to the assumption that G acts symplectically on X . Consequently, the action of Stab G (E) on E is effective and in particular, Stab G (E) is a cyclic group.
If π −1 (E) is irreducible, then it is a smooth rational curve with an effective action of Stab G (E). It follows that Stab G (E) is either cyclic or dihedral.
We conclude that the order of Stab G (E) is bounded by 12 and the index of G E in G is strictly greater than nine. By inequality (1) the total number m of Mori fibers however satisfies m ≤ 9. This contradiction shows that Y is G-minimal and, in particular, a Del Pezzo surface.
Remark 2.11. Let X be a K3-surface with a symplectic action of G centralized by an antisymplectic involution σ with Fix X (σ) = and let E be a (-1)-curve on Y = X /σ. Then the argument above can be applied to see that the stabilizer of E in G is cyclic or dihedral and therefore has order at most 12.
In the following section, the classification above is applied and extended to the case where G is a maximal group of symplectic transformations on a K3-surface.
MAXIMAL FINITE GROUPS OF SYMPLECTIC TRANSFORMATIONS
In this section we consider K3-surfaces with a symplectic action of one of the eleven groups from Mukai's list (Table 1) centralized by an antisymplectic involution and prove the following classification result. For the proof of this theorem we consider each group separately, show that any G-minimal model Y min of the quotient surface Y = X /σ is a Del Pezzo surface, and investigate which Del Pezzo surfaces admit an action of the group G.
It is then essential to study the branch locus B of the covering X → Y . As a first step, we exclude rational and elliptic curves in B by studying their images in Y min and their intersection with the union of Mori fibers. We then deduce that B consists of a single curve of genus ≥ 2 with an effective action of the group G. The possible genera of B are restricted by the nature of the group G and the Riemann-Hurwitz formula for the quotient of B by an appropriate normal subgroup N of G. The equations of B or X given in Table 2 are derived using invariant theory.
Throughout the remainder of this chapter, the Euler characteristic formula
if branch curve with g≥2 exists is exploited at various points. Here m denotes the total number of Mori contractions of the reduction Y → Y min , the total number of rational branch curves is denoted by n and g is the genus of a non-rational branch curve.
Equivariant equivalence. Let us briefly formalize the notion of equivariant equivalence.
Definition 3.2. Let (X 1 , σ 1 ) and (X 2 , σ 2 ) be K3-surfaces with antisymplectic involution and let G be a finite group acting on X 1 and X 2 by
Then the surfaces (X 1 , σ 1 ) and (X 2 , σ 2 ) are considered equivariantly equivalent or equivariantly isomorphic if there exist a biholomorphic map ϕ : X 1 → X 2 and a group automorphism ψ ∈ Aut(G) such that
for all x ∈ X 1 and all g ∈ G.
Two (rational) surfaces Y 1 and Y 2 with actions α i : G → Aut(Y i ) of a finite group G are considered equivariantly equivalent if there exist a biholomorphic map ϕ :
Remark 3.3. If two K3-surfaces (X 1 , σ 1 ) and (X 2 , σ 2 ) are G-equivariantly equivalent, then the quotient surfaces X i /σ i are equivariantly equivalent with respect to the induced action of G. Conversely, let Y be a rational surface with two actions of a finite group G which are equivalent in the above sense and let ϕ ∈ Aut(Y ) be the isomorphism identifying these two actions. We consider a smooth G-invariant curve B linearly equivalent to −2K Y and the K3-surfaces X B and X ϕ(B) obtained as double covers branched along B and ϕ(B) equipped with their respective antisymplectic covering involution. If all elements of the group G can be lifted to symplectic transformations on X B and X ϕ(B) , then the central degree two extensions E of G acting on X B , X ϕ(B) , respectively, split as E = E symp ×C 2 with E symp = G. In this case the group G acts by symplectic transformations on X B and X ϕ(B) and since for each g ∈ G ⊂ Aut(Y ) there is only one choice of symplectic liftingg ∈ E the surfaces X B and X ϕ(B) are G-equivariantly equivalent in strong sense introduced above.
3.1. The group L 2 (7). Let G ∼ = L 2 (7) = PSL(2, 7 ) = GL 3 ( 2 ) be the finite simple group of order 168 acting on a K3-surface X . As G is simple this action is effective and symplectic. Let σ be an antisymplectic involution on X centralizing G. Since G has an element of order seven, which by Remark 2.1 has precisely three fixed points p 1 , p 2 , p 3 in X , and σ acts on this set of three points, we know that Fix X (σ) = . I.e., the assumption Fix X (σ) = in Theorems 2.10 and 3.1 is implicitly true for this particular group.
The classification result for the group G = L 2 (7) can be deduced from a description of K3-surfaces with C 3 ⋉ C 7 -symmetry obtained in [FH08] , Theorem 2 (cf. also Chapter 5 in [Fra08] , Theorem 5.5). Using the same arguments but restricting our consideration to the larger group L 2 (7) we present a simplified proof of the following proposition. Proof. We may apply Theorem 2.10 to conclude that Y is a G-minimal Del Pezzo surface and denote by
If d = 1, then the anticanonical system | − K Y | is known to have precisely one base point. In particular, this point is fixed with respect to the full automorphism group. Since G does not admit a two-dimensional representation, this yields a contradiction. As there is no injective homomorphism G → Aut( 1 × 1 ) = (PSL 2 ( )×PSL 2 ( ))⋊C 2 and since the blow-up of 2 in one or two points admits an equivariant contraction map to either 2 or 1 × 1 and is therefore never G-minimal, it follows that d = 7, 8.
For the remaining Del Pezzo surfaces we consider the action of G on their configurations of (-1)-curves. Noting that the maximal subgroups of G are C 3 ⋉ C 7 and S 4 of index 8 and 7, respectively, we find that the G-orbit of a (-1)-curve E ⊂ Y consists of 7, 8, 14, 21, 24, 28 or more curves. Since the number of (-1)-curves on a Del Pezzo surface Y of degree 3, 5, 6 equals 27, 10, 6, respectively, it follows that d ∈ {3, 5, 6} . If d = 4, then the union of (-1)-curves on Y consists of two G-orbits of length 8. In particular,
does not admit a two-dimensional representation, it follows that the normal subgroup C 7 acts trivially on Y ′ and therefore on Y . This is a contradiction and completes the proof of the lemma.
It remains to classify the branch locus B in both cases.
Double covers of 2 . The action of L 2 (7) on 2 is necessarily given by a three-dimensional represention. This follows from the fact that the group L 2 (7) does not admit nontrivial degree three central extensions. This can be derived from the cohomology group H 2 (L 2 (7), * ) ∼ = C 2 known as the Schur
Multiplier. There are two isomorphism classes of three-dimensional representations and these differ by an outer automorphism. We may therefore consider one particular representation and check explicitly that in appropriately chosen coordinates the curve B = Hess(C Klein ) = {x
As the notation indicates this sextic is the Hessian curve associated to Klein's quartic curve
In order to show that B is the unique G-invariant sextic in 2 we consider the action of G on B. The maximal possible isotropy group is C 7 and each G-orbit in B consists of at least 21 elements. If there was another G-invariant smooth sextic curve C ⊂ 2 , then the invariant set B ∩ C would consist of at most 36 points. This is a contradiction.
Let X be the K3-surface obtained as a double cover of 2 branched along Hess(C Klein ). It remains to check that G lifts to a subgroup of Aut(X ): On X we find an action of a central degree two extension E of L 2 (7). Since L 2 (7) is simple, it follows that E symp E is mapped onto L 2 (7) and E symp ∼ = L 2 (7). In particular, the group E splits as E symp × C 2 where C 2 is generated by the antisymplectic covering involution. We have shown:
Proposition 3.6. Let X be a K3-surface with a symplectic action of the group L 2 (7) centralized by an antisymplectic involution σ. If Y = X /σ ∼ = 2 then X is equivariantly isomorphic to the double cover of 2 branched along Hess(C Klein ).
Double covers of Del Pezzo surfaces of degree two.
Here we assume that the degree of Y equals two and consider the anticanonical map Y → 2 . It has degree two, is branched along a smooth curve of degree four, and equivariant with respect to Aut(Y ). We obtain an action of G on 2 stabilizing a smooth quartic. Choosing one particular 3-dimensional representation of G one checks by direct computation that the smooth curve C Klein = {x
It follows from classical invariant theory or from the intersection number argument applied above that C Klein is the unique quartic curve in 2 with this property. The curve C Klein is a prominent example since its automorphism group Aut(C Klein ) = G attains the maximal possible order 168 = 84(g(C Klein ) − 1) allowed by the Hurwitz formula.
Consider the branch curve B ⊂ Y of the covering π : X → Y and the preimage C ⊂ Y of C Klein . By construction, both curves belong to the linear system | − 2K Y |. If they do not coincide, they meet in (−2K Y ) 2 = 8 or less points. This contradicts the fact that the set B ∩ C must be G-invariant and therefore consists of at least 21 points in a G-orbit.
It follows that the surface X is a cyclic degree four cover of 2 branched along C Klein and can equivalently be described as the quartic hypersurface {x 3.2. The group A 6 . Let G ∼ = A 6 be the alternating group of degree 6 acting on a K3-surface X . Since A 6 is a simple group this action effective and symplectic. Let σ be an antisymplectic involution on X centralizing G and assume that Fix X (σ) = . By Theorem 2.10, the K3-surface X is a double cover of a Del Pezzo surface Y with an effective action of A 6 . If Y has degree one, then | − K Y | has precisely one base point which would have to be an A 6 -fixed point. This is contrary to the fact that A 6 has no faithful two-dimensional representation.
We recall that the stabilizer of a (-1)-curve E in Y is either cyclic or dihedral (Remark 2.11). In particular, its order is at most 12 and therefore its index in A 6 is at least 30. This argument excludes Del Pezzo surfaces Y of degree deg(Y ) ∈ {3, 4, 5, 6, 7} since the number of (-1)-curves on Y equals 27, 16, 10, 6, 3, respectively. Furthermore, the configuration of 56 exceptional curves on a Del Pezzo surface of degree 2 can neither be a single A 6 -orbit nor the union of orbits and therefore deg(Y ) = 2.
As was noted before the blow-up of 2 in one point is never G-minimal, hence it remains to exclude Y ∼ = 1 × 1 . Assume there is an action of A 6 on 1 × 1 . Since A 6 has no subgroups of index two, it follows that A 6 < PSL 2 ( ) × PSL 2 ( ) and both canonical projections are A 6 -equivariant. This yields a contradiction since A 6 admits neither an effective action on 1 nor nontrivial normal subgroups of ineffectivity.
It follows that Y ∼ = 2 . The action of A 6 on 2 is given by linear representation of a degree three central extension of A 6 . Since A 6 has no faithful three-dimensional representation, this extension is nontrivial and isomorphic the unique nontrivial degree three extension V = 3.A 6 known as Valentiner's group. Up to equivariant equivalence, there is a unique action of A 6 on 2 . This follows from the classification of finite subgroup of SL 3 ( ) (cf. [MBD16] , [Bli17] , and [YY93] ) and can also be derived as follows:
We need to show that any two actions induced by projective representations ρ i of A 6 are equivalent. Restricting ρ i to the subgroup A 5 we obtain linear representation of A 5 and after a change of coordinates ρ 1 (A 5 ) = ρ 2 (A 5 ) ⊂ SL 3 ( ). We fix a subgroup A 4 in A 5 and consider its normalizer N in A 6 . The groups N and A 5 generate the full group A 6 and it suffices to prove that ρ 1 (N ) = ρ 2 (N ). This is shown by considering an explicit three-dimensional representation of A 4 < A 5 and the normalizer of A 4 inside PSL 3 ( ). The group A 4 has index two in and therefore = ρ 1 (N ) = ρ 2 (N )..
The covering X → Y is branched along an invariant curve B of degree six. This curve is defined by an invariant polynomial F A 6 of degree six, which is unique by Molien's formula. Its explicit equation is derived in [Cra99] . In appropriately chosen coordinates,
3 . The action of A 6 on 2 induces an action of a central degree two extension of E on the double cover branched along {F A 6 = 0}. By the same arguments as in the case G = L 2 (7) we may conclude that E splits as E symp × C 2 = A 6 × C 2 where C 2 is generated by the antisymplectic covering involution. This proves the existence of a unique K3-surface with A 6 × C 2 -symmetry to which we refer as the Valentiner surface. We have shown:
Proposition 3.11. Let X be a K3-surface with a symplectic action of A 6 and let σ be an antisymplectic involution on X centralizing A 6 with Fix X (σ) = . Then X is equivariantly isomorphic to the Valentiner surface.
3.3. The group S 5 . Let X be a K3-surface with a symplectic action of G = S 5 and let σ denote an antisymplectic involution centralizing G. We assume that Fix X (σ) = . We may apply Theorem 2.10 yielding that X /σ = Y is a G-minimal Del Pezzo surface and π : X → Y is branched along a smooth connected curve B of genus g(B) = 13 − e(Y ). We show that only very few Del Pezzo surfaces admit an effective action of S 5 or a smooth S 5 -invariant curve of appropriate genus. Assume Y ∼ = 2 , i.e., G → PSL 3 ( ), and letG denote the preimage of G in SL 3 ( ). Since A 5 has no nontrivial central extension of degree three, it follows that the preimage of A 5 < S 5 inG splits asÃ 5 = A 5 × C 3 . Let g ∈ S 5 be any transposition and pickg in its preimage withg 2 = id. Nowg and A 5 generate a copy of S 5 in SL 3 ( ). This is a contradiction since the irreducible representations of S 5 have dimensions 1, 4, 5 or 6
Next assume that Y is isomorphic to 1 × 1 . We investigate the action of S 5 = A 5 ⋊ C 2 using the fact that A 5 is a simple group. Recalling Aut(Y ) = (PSL 2 ( ) × PSL 2 ( )) ⋊ C 2 it follows that A 5 < PSL 2 ( ) × PSL 2 ( ), i.e, the canonical projections onto the factors are A 5 -equivariant. If A 5 acts trivially on one of the factors, then it must act nontrivially on the second factor and in particular the generator τ of the outer C 2 in S 5 stabilizes the factors. It follows that S 5 acts effectively on the second factor. This is impossible since there is no effective action of S 5 on 1 . We conclude that A 5 acts effectively on both factors and τ exchanges them. We consider an element λ of order five in A 5 and chose coordinates on 1 × 1 such that λ acts by
for some a ∈ {1, 2, 3, 4} and ξ 5 = 1. The automorphism λ has four fixed points in Y . Since it lifts to a symplectic automorphism on the K3-surface X with four fixed points, all fixed points must lie on the branch curve. The branch curve B ⊂ Y is a smooth invariant curve linearly equivalent to −2K Y and is therefore given by an S 5 -semi-invariant polynomial f of bidegree (4, 4). Since f must be invariant with respect to the commutator subgroup S Again using the fact that the largest subgroup of S 5 which can stabilize a (-1)-curve in Y is the group D 12 of index 10, it follows that the number of (-1)-curves in a G-orbit is at least 10 and Del Pezzo surfaces of degree four or six can be excluded by considering the action of G on their set of (-1)-curves. If d = 2, then the anticanonical map defines an Aut(Y )-equivariant double cover of 2 . The induced action of S 5 on 2 would have to be effective and therefore we obtain a contradiction as in the case Y ∼ = 2 .
If d = 1 then the anticanonical system | − K Y | is known to have precisely one base point which has to be fixed point of the action of S 5 . Since S 5 has no faithful two-dimensional representation, this is a contradiction.
Double covers of Del Pezzo surfaces of degree three.
The following example of a K3-surface X with a symplectic action of S 5 can be found in Mukai's list [Muk88] . We identify an antisymplectic involution σ on X centralizing S 5 such that X /σ is a Del Pezzo surface of degree three. 
Proof. We consider the Aut(Y )-equivariant embedding of the degree three Del Pezzo surface Y into 3 given by the anticanonical map. Any automorphism of Y is induced by an automorphism of the ambient projective space. It follows from the representation and invariant theory of the group S 5 that a Del Pezzo surface of degree three with an effective action of the group S 5 is equivariantly isomorphic the Clebsch cubic {z 
Let E be any (-1)-curve on Y . By adjunction E ·B = 2. Since Y contains precisely ten (-1)-curves forming an S 5 -orbit, the group H = Stab S 5 (E) has order 12 and all stabilizer groups of (-1)-curves in Y are conjugate. It follows that the group H contains S 3 , which is acting effectively on E, and therefore H is isomorphic to the dihedral group of order 12. The points of intersection B ∩ E form an H-invariant subset of E. Since H has no fixed points in E and precisely one orbit H.p = {p, q} consisting of two elements, it follows that B meets E transversally in p and q. In particular, each curve E i meets B in two points and the image C = b(B) is a sextic curve with four nodes {p 1 , . . . , p 4 }. It is invariant with respect to the action of S 4 given by permutation on p 1 , . . . p 4 . For simplicity, we first only consider the action of S 3 permuting p 1 , p 2 , p 3 and conclude that C is given by { f = a i f i = 0} for . The fact that C passes through p i and is singular at p i yields a 1 = a 2 = 0 and 3a 3 +6a 4 +3a 5 +6a 6 + a 7 = 0. The two tangent lines of C at the node p i correspond to the unique Stab(E i )-orbit of length two in E i . We consider the point p 3 and the subgroup S 3 < S 4 stabilizing p 3 . The action of S 3 on E 3 is given by the linearized S 3 -action on the set of lines through p 3 . One checks that in local affine coordinates (x 1 , x 2 ) the unique orbit of length two corresponds to the line pair x 2 1 − x 1 x 2 + x 2 2 = 0. Dehomogenizing f at p 3 , i.e., setting x 3 = 1, we obtain the local equation f dehom of C at p 3 . The polynomial f dehom modulo terms of order three or higher must be a multiple of x 2 1 − x 1 x 2 + x 2 2 = 0. Therefore a 3 = −a 4 . Next we consider the intersection of C with the line L 34 = {x 1 = x 2 } joining p 3 and p 4 We conclude a 3 = a 5 = −a 4 = 2, a 6 = 1, and a 7 = −6. So if X as in the proposition exists, it is the double cover of Y branched along the proper transform of { f = 2 f 3 − 2 f 4 + 2 f 5 + f 6 − 6 f 7 = 0} in Y .
In order to prove existence, let X be the minimal desingularization of the double cover of 2 branched along { f = 0}. Then X is the double cover the group generated by g and E symp inside E is isomorphic to S 5 . It follows that E splits as S 5 × C 2 and E/E symp ∼ = C 2 × C 2 . Since this is not cyclic, we obtain a contradiction. If N ∼ = A 5 and |E symp | = 120, then E = E symp ×C 2 , where the outer C 2 is generated by the antisymplectic covering involution σ, and E/C 2 = S 5 implies that E symp ∼ = S 5 . This is contradictory to the assumption N ∼ = A 5 . In the last remaining case N ∼ = S 5 .
Since E symp = E, also E symp ∼ = S 5 and E splits as E symp × C 2 . It follows that the action of S 5 on Y induces an symplectic action of S 5 on the double cover X centralized by the antisymplectic covering involution. This completes the proof of the proposition.
We summarize Propositions 3.14 and 3.16 as follows. 3.5. The group F 384 = C 4 2 ⋊ S 4 . Before we prove non-existence of K3-surfaces with F 384 × C 2 -symmetry, we note the following useful fact about S 4 -actions on Riemann surfaces.
Remark 3.19. The group S 4 does not admit an effective action on a Riemann surface of genus one or two. The first case can be excluded by using the explicit shape of the automorphism group of a Riemann surface T of genus one, Aut(T ) = L ⋉ T for L ∈ {C 2 , C 4 , C 6 }. The second case is excluded by considering the quotient by the hyperelliptic involution branched at six points. Since S 4 has no normal subgroup of order two, the induced action of S 4 on the quotient 1 is effective and therefore has precisely one orbit consisting of six points. The isotropy group at the corresponding points in the hyperelliptic curve would be isomorphic to C 4 × C 2 , which is contradiction. Proof. We again assume that a K3-surface with these properties exists and applying Theorem 2.10 we see that X → Y is branched along a single A 4,4 -invariant smooth curve B on the Del Pezzo surface Y . The group A 4,4 is a semi-direct product C . On Q there is an action of A 3,3 . Since A 3,3 contains the subgroup C 3 × C 3 , it follows that Q not rational. In particular, e(Q) ≤ 0. We apply the Riemann-Hurwitz formula to the covering B → Q, 2 − 2g(B) = e(B) = 16e(Q) − branch point contributions ≤ −branch point contributions.
As above, isotropy groups must be cyclic and the maximal possible isotropy group of the C 4 2 -action on B is C 2 , which has index eight in C 4 2 . Consequently, the branch point contribution at each branch point is eight. The action of C 3 × C 3 < A 3,3 on Q has orbits of length greater than or equal to three. Therefore, the total branch point contribution must be greater than or equal to 24. In particular, g(B) = deg(Y ) + 1 ≥ 13 contrary to deg(Y ) ≤ 9. We prove the following non-existence result. By Lemma 3.19 the quotient Q is either rational or g(Q) > 2, i.e., e(Q) ≤ −4. Since the second case is impossible it follows that Q is a rational curve and the branch point contribution must be 34. The maximal possible isotropy subgroup of N = C 3 2 at a point in C is C 2 and the full branch point contribution must be divisible by four. This is a contradiction.
The case Y ∼ = 1 × 1 . Assume that Y ∼ = 1 × 1 . The canonical projection π 1,2 : Y → 1 is equivariant with respect to a subgroupG of G of index at most two. It follows thatG fits into the exact sequences 
Lemma 3.23. The group A is isomorphic to C
Proof. It is sufficient to exclude the case A = N . We argue by contradiction and assume A = N . The commutator subgroup of S 4 is A 4 and therefore A 4 < G ′ <G < G. SinceG is known to be of order 96, it follows thatG = N ⋊ A 4 . We consider the isotropy group I 1 ∼ = C 2 × C 2 <G and its intersection with A = N .
2 acts effectively on π 1 (Y ) = 1 , a contradiction. If A ∩ I 1 = I 1 , i.e., if I 1 is contained in A, then the quotient groupG/I 1 , which acts effectively on 1 by definition, is isomorphic to C 2 ⋊ A 4 ∼ = C 2 × A 4 . This group does however not admit an effective action on 1 .
It remains to consider the case A ∩ I 1 ∼ = C 2 . The only nontrivial normal subgroup of A 4 is isomorphic to C 2 × C 2 . Since I 1 ∼ = C 2 × C 2 is not contained in A 4 in the case under consideration, it follows that
Written as a subgroup of the semi-direct productG = N ⋊ A 4 the group I 1 ∼ = C 2 × C 2 is of the form I 1 = {(id, id), (σ 1 , id), (σ 2 , a), (σ 3 , a)} for σ i ∈ N and a ∈ A 4 . Using the fact that I 1 is a normal subgroup ofG one finds that ga g −1 = a for each g ∈ A 4 <G, a contradiction.
By the lemma above, the set N \A consists of four elements. These are involutions in G not respecting the product structure of Y ∼ = 1 × 1 . In particular, each element of N \A exchanges the factors of Y . Since both N and A are normal subgroup of G, it follows that G acts on N , A, and also N \A by conjugation. We consider an element λ of order three contained in A 4 , the commutator of the chosen copy of S 4 inside G. In particular, λ ∈ A 4 = S
Lemma 3.24. Any G-minimal model of Y is a Del Pezzo surface.
Proof. Assume the contrary and let Y min be an equivariant conic bundle and a G-minimal model of Y . We consider the induced action of G on the base 1 and denote by I G the ineffectivity of this action. Arguing as in the proof of Lemma 2.2, we see that I is trivial or isomorphic to either C 2 or C 2 × C 2 . In all cases the quotient G/I contains the subgroup C 3 × C 3 , which has no effective action on 1 . . Therefore, the order of A is at least six and A contains a copy of C 3 . If |A| = 6, then A = C 6 = C 3 × C 2 and C 2 is central in N 72 . Using explicitly the group structure of N 72 one finds however that there is no copy of C 2 in N 72 centralizing C 3 × C 3 . If |A| > 6, then the centralizer of C 3 in D 8 has order greater than 2. This is contrary to the fact that for every choice of C 3 inside C 3 × C 3 the centralizer inside D 8 is isomorphic to C 2 . It follows that deg(Y min ) = 6. If G acts on 1 × 1 , then the canonical projections are equivariant with respect to a subgroup H of index two in G. We consider one of these projections. The action of H induces an effective action of H/I on the base 1 , where the group I is either trivial or isomorphic to C 2 or C 2 × C 2 . In all case we find an effective action of C 2 3 on the base, a contradiction. It remains to exclude 2 . If N 72 acts on 2 we consider its embedding into PSL 3 ( ), in particular the realization of the subgroup C 2 3 = 〈a〉 × 〈b〉 and its lifting to SL 3 ( ). One uses explicit realizations of the generators a and b in appropriately chosen coordinates and checks that the action of D 8 on C 2 3 cannot be realized in PSL 3 ( ). The calculation is omitted here and the reader is referred to Section 4.8 in [Fra08] for details. It follows that there is no action of N 72 on 2 .
Lemma 3.26. There are no rational curves in Fix X (σ).
Proof. Let n denote the total number of rational curves in Fix X (σ) and recall n ≤ 10. If n = 0, let C be a rational curve in the image of Fix X (σ) in Y and let H = Stab G (C) be its stabilizer. Its order is at least eight and its action on C is effective. First note that G does not contain S 4 = O 24 as a subgroup. If this were the case, consider the intersection S 4 ∩ C 2 3 and the quotient S 4 → S 4 /(S 4 ∩ C 2 3 ) < D 8 . Since the only nontrivial normal subgroups of S 4 are A 4 and C 2 × C 2 , this leads to a contradiction. Consequently, the order of H is at most twelve. In particular, n ≥ 6. We will obtain a contradiction by showing n ≤ 4.
Since |H| ≥ 8 and C 8 ≮ G, the group H is not cyclic and any H-orbit on C consists of at least two points. It follows from C 2 = −4 that C must meet the union of Mori fibers and the union of Mori fibers meets the curve C in at least two points. Recalling that each Mori fibers meets the branch locus B in at most two points we see that at least n Mori fibers meeting B are required. However, no configuration of n Mori fibers is sufficient to transform the curve C into a curve on a Del Pezzo surface and further Mori fibers are required. By invariance, the total number m of Mori fibers must be at least 2n. Combining the Euler-characteristic formula (5) with our observation deg(Y min ) ≤ 4, i.e., e(Y min ) ≥ 8 we see that n ≤ 4. Proof. Using the Euler-characteristic formula (5) together with the two previous lemmata, we find that the total number m of Mori fibers is bounded by four. Since the maximal order of a stabilizer group of a Mori fiber is twelve (cf. proof of Theorem 2.10) we conclude m = 0, i.e., Y must be G-minimal. 3.9. The group M 9 = C 2 3 ⋊Q 8 . Let G = M 9 and let X be a K3-surface with a symplectic G-action centralized by the antisymplectic involution σ such that Fix X (σ) = . We proceed in analogy to the case G = N 72 above. Arguing precisely as in the proof of Lemma 3.24 one shows that any G-minimal model of Y is a Del Pezzo surface. As a next step we exclude rational branch curves.
Lemma 3.28. There are no rational curves in Fix X (σ).
Proof. Let n be the total number of rational curves in Fix X (σ). Assume n = 0, let C be a rational curve in the image of Fix X (σ) in Y and let H < G be its stabilizer. The action of H on C is effective. We go through the list of finite groups with an effective action on a rational curve. Since M 9 is a group of symplectic transformations on a K3-surface, its element have order at most eight. Clearly, It follows from direct computation involving the generators of M 9 (cf. Appendix A.2 in [Fra08] ) that, up to natural equivalence, there is a unique action of M 9 on the projective plane. We may therefore consider the explicit action of M 9 on 2 specified by Mukai (cf. [Muk88] ). Studying the induced action of M 9 on the space of sextic curves one finds three M 9 -invariant sextic curves, namely {x We need to prove that X is not the double cover of 2 branched along { f a = 0}. If this was the case consider the fixed point p = [0 : 1 : −1] of the automorphism I ∈ Q 8 < M 9 < PSL 3 ( ) given bỹ
for some third root of unity ξ and note that f a (p) = 0. In particular, the fiber π −1 (p) consists of one point
x ∈ X . We linearize the 〈I 〉 × 〈σ〉-action at x. In suitably chosen coordinates the action of the symplectic automorphism I of order four is of the form (z, w) → (iz, −iw). Since the action of σ commutes with I , the σ-quotient of X is locally given by (z, w) → (z 2 , w) or (z, w) → (z, w 2 ). It follows that the action of I on Y is locally given by either (x, y) → (−x, −i y) or (x, y) → (i x, − y). In particular, the local linearization of I at p has determinant = 1. By a direct computation using the explicit formĨ ∈ SL 3 ( ) of the generator I , in particular the facts that det(Ĩ) = 1 andĨ v = v for [v] = p, we obtain a contradiction. This completes the proof of the proposition.
Remark 3.30. In the proof of the proposition above we have observed that an element of SL 3 ( ) does not necessarily lift to a symplectic transformation on the double cover of 2 branched along a sextic given by an invariant polynomial. Mukai's M 9 -example X is the double cover of 2 branched along the sextic curve {x ⋊ Q 8 = (〈a〉 × 〈b〉) ⋊ Q 8 . Since a and b are commutators in M 9 , they can be lifted to symplectic transformation a, b on X . For I , J consider the linearization at the fixed point [0 : 1 : −1] ∈ 2 and, using the explicit realization of the group, one checks that it has determinant one. Since [0 : 1 : −1] is not contained in the branch set of the covering, its preimage in X consists of two points p 1 , p 2 . We can lift I (J , respectively) to a transformation of X fixing both p 1 , p 2 and a neighbourhood of p 1 is I -equivariantly isomorphic to a neighbourhood of [0 : 1 : −1] ∈ 2 . In particular, the action of the lifted element I (J , respectively) is symplectic. On X there is the action of a degree two central extension E of M 9 . The elements a, b, I , J generate a subgroupM 9 of E symp mapping onto M 9 . Since E symp = E, the order ofM 9 is 72 and it follows thatM 9 is isomorphic to M 9 .
In particular E splits as E symp × C 2 with E symp = M 9 .
3.10. The group T 48 = Q 8 ⋊ S 3 . We begin by specifying the group structure of T 48 : the element c of order three in S 3 acts on Q 8 by permuting I , J , K and an element d of order two acts by exchanging I and J and mapping K to −K. Now let X be a K3-surface with an action of T 48 × C 2 where the action of G = T 48 is symplectic and the generator σ of C 2 is antisymplectic and has fixed points. If Y min ∼ = 1 × 1 , then both canonical projections are equivariant with respect to the index two subgroup
Since Q 8 has no effective action on 1 , it follows that the subgroup Z = {+1, −1} < Q 8 acts trivially on the base. This holds with respect to both projections and the subgroup Z acts trivially on Y min , a contradiction.
Using the group structure of T 48 one checks that the only nontrivial normal subgroup N of T 48 such that N ∩Q 8 = Q 8 is the center Z = {+1, −1} of T 48 . It follows that T 48 is neither a subgroup of (
nor a subgroup of any of the automorphism groups C Let us now turn to the case where Y min → 1 is an equivariant conic bundle. The center Z = {+1, −1} of G = T 48 acts trivially on the base and has two fixed points in the generic fiber. Let Λ 1 and Λ 2 denote the two curves of Z-fixed points in Y min .
We first show that Y min is not a conic bundle with singular fibers. Any singular fiber F is the union of two (-1)-curves F 1 , F 2 meeting transversally in one point. We consider the action of Z on this union of curves. Proof. We let n denote the total number of rational curves in Fix X (σ) and assume n > 0. Recall n ≤ 10, let C be a rational curve in B = π(Fix X (σ)) ⊂ Y and let H = Stab G (C) < G be its stabilizer group. If H ∈ {C 6 , C 8 , D 8 }, then H and all conjugates of H in G contain the center Z = {+1, −1} of G. It follows that Z has two fixed point on each curve gC for g ∈ G. Since there are six (or eight) distinct curves gC in Y , it follows that Z has at least 12 fixed points in Y and in X . This contradicts to assumption that Z < G acts symplectically on X and therefore has eight fixed points in the K3-surface X .
It remains to study the cases H = D 12 , i.e., n = 4, and H = D 6 , i.e., n = 8.
We note that a Hirzebruch surface has precisely one curve with negative self-intersection and only fibers have self-intersection zero. A Del Pezzo surface does not contains curves of self-intersection less than −1. The rational branch curves must therefore meet the union of Mori fibers in Y .
The total number of Mori fibers is bounded by n+9. We study the possible stabilizer subgroups Stab G (E) < G of Mori fibers. A Mori fiber E with self-intersection (-1) meets the branch locus B in one or two points and its stabilizer is either cyclic or dihedral. If Stab G (E) ∈ {C 4 , D 8 }, then the points of intersection of E and B are fixed points of the center Z of G and we find too many Z-fixed points on X .
Assume n = 4 and let R 1 , . . . R 4 be the rational curves in B. We denote byR i their images in Y min . The total number m of Mori fibers is bounded by 12. We go through the list of possible configurations:
• If m = 4, there is no invariant configuration of Mori fibers such that the contraction maps the four rational branch curves to an admissible configuration on the Hirzebruch or Del Pezzo surface Y min .
• If m = 6, then Stab G (E) = C 8 and the points of intersection of E and B are Z-fixed. Since Z has at most eight fixed points on B, it follows that each curve E meets B only once. The imagesR i of the R i contradict our observations about curves in Del Pezzo and Hirzebruch surfaces. Recall that Z has two fixed points in each fiber of p : Σ k → 1 , i.e., the Z-action on Σ k has two disjoint curves of fixed points. As was remarked above, these curves are the exceptional section E ∞ of self-intersection −k and a section E 0 ∼ E ∞ +kF of self-intersection k. Here F denotes a fiber of p : Σ k → 1 . There is no automorphisms of Σ k mapping E ∞ to E 0 . Each rational branch curveR i has two Z-fixed points. These are exchanged by an element of Stab G (R i ) and therefore both lie on either E ∞ or E 0 , i.e.,R i cannot have nontrivial intersection with both E 0 and E ∞ . By invariance all curvesR i either meet E 0 or E ∞ and not both. Using the fact that R i is linearly equivalent to −2K Σ k ∼ 4E ∞ + (2k + 4)F we find thatR i · E ∞ = 0 and k = 2, a contradiction to Lemma 3.31.
We have shown that all possible configurations in the case n = 4 lead to a contradiction. We now turn to the case n = 8 and let R 1 , . . . R 8 be the rational branch curves. The total number of Mori fibers is bounded by 16. Note that by invariance, the G-orbit of a Mori fiber meets R i in at least 16 points or not at all. In particular, Mori fibers meeting R i come in orbits of length ≥ 8. As above, we go through the list of possible configurations.
• This completes the proof of the lemma.
Since there is an effective action of T 48 on Fix X (σ), it is neither an elliptic curve nor the union of two elliptic curves. It follows that X → Y is branched along a single T 48 -invariant curve B with g(B) ≥ 2.
Lemma 3.33. The genus of B is neither three nor four.
Proof. We consider the quotient Q = B/Z of the curve B by the center Z of G and apply the Euler characteristic formula, e(B) = 2e(Q)−|Fix B (Z)|. On Q there is an effective action of the group G/Z = (C 2 ×C 2 )⋊C 3 = S 4 . Using Remark 3.19 we see that e(Q) ∈ {2, −4, −6, −8 . . . }.
If g(B) = 3, then e(B) = −4 and the only possibility is Q ∼ = 1 and |Fix B (Z)| = 8. In particular, all Z-fixed points on X are contained in the curve R = π −1 (B). Let A < G be the group generated by I ∈ Q 8 = {±1, ±I , ±J , ±K}. The four fixed points of A in X are contained in Fix X (Z) = Fix B (Z) and the quotient group A/Z ∼ = C 2 has four fixed points in Q. This is a contradiction.
If g(B) = 4, then e(B) = −6 and the only possibility is Q ∼ = 1 and |Fix B (Z)| = 10. This contradicts the fact that Z has at most eight fixed points in B since it has precisely eight fixed points in X .
In Lemma 3.31 we have reduced the classification to the cases e(Y min ) ∈ {3, 4, 9, 10, 11}. In the following, we will exclude the cases e(Y min ) ∈ {4, 9, 10} and describe the remaining cases more precisely. Recall that the maximal possible stabilizer subgroup of a Mori fiber is D 12 , in particular, m = 0 or m ≥ 4. By explicit computation using the group structure of T 48 one can determine the unique action of T 48 on 2 . This is carried out in detail in Section 4.10 in [Fra08] . Using the explicit form of the T 48 -action and the fact that the commutator subgroup of T 48 is Q 8 ⋊ C 3 one then checks that any invariant curve of degree six is of the form C λ = {x 1 x 2 (x . Any involution τ with a fixed point p outside the branch locus can be lifted to a symplectic involution on the double cover X as follows: The linearized action of τ at p has determinant ±1. We consider the liftingτ of τ fixing both points in the preimage of p. Its linearization coincides with the linearization on the base and therefore also has determinant ±1. In particular,τ is an involution. It follows that eitherτ or the second choice of a lifting στ acts symplectically on X . The group generated by all lifted automorphisms is either isomorphic to T 48 or to its degree two central extension E acting on the double cover. Since E symp = E the later is impossible it follows that E splits as E symp × C 2 with E symp = T 48 .
Finally, we return to the remaining possibilities e(Y min ) ∈ {4, 9, 10, 11}.
Lemma 3.36. e(Y min ) ∈ {4, 9, 10}.
Proof. Recalling that the genus of the branch curve B is neither three nor four and that m is either zero or ≥ 4, we may exclude e(Y min ) = 9, 10 using the Euler characteristic formula 12 = e(Y min ) + m + g − 1. It remains to consider the case Y min = Σ k with k > 2 and we claim that this is impossible.
Let M : Y → Y min = Σ k denote a (possibly trivial) Mori reduction of Y . The image M (B) of B in Σ k is linearly equivalent to −2K Σ k . Now M (B) · E ∞ = 2(2 − k) < 0 and it follows that M (B) contains the rational curve E ∞ . This is a contradiction since B does not contain any rational curves by Lemma 3.32.
In the last remaining case, i.e., e(Y min ) = 11, the quotient surface Y is a G-minimal Del Pezzo surface of degree 1. Consulting [Dol09] , Table 10 .5, we find that Y is a hypersurface in weighted projective space
(1, 1, 2, 3) defined by the weighted homogeneous equation 
